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Sophie's world

Niouy Aaneéidaia Eiaagdanéay, 1850 1891



Sophie's world: the story of the history of integrability

"SUR LE PROBLEME DE LA ROTATION
D'UN CORPS SOLIDE. AUTOUR D'UN POINT FIXE'
ran
SOPHIE KOWALEVSKI
4 STOCKHOLM
At

Le probléme de ln rotation d'un corps solide pesant stitour d'un
“ point fixe peut sc ramener, comme on sait, & l'intégration du systéme

d'équations différentielles suivant:

dp . " , dy ; o
AL = (B— C)gr + My(y,r" — 2,7) F=n—
AZ = (B o + Mylyr” — 2,7'), ¢ el el
g dg P dr " <
0] B = (C— A)yrp + My(e,y — 7,7"), & —m,
oir : 2 dy y
i = (A— Bpg + My(a,7 — u,7 R U
Les constantes 4, B, C, My, x,,,,#, qui figurent dans ces équa-

tions ont la signification suivante

A, B, C sont les axes principaux de lellipsorde d'inertie du corps
considéré, relativement au point fixe

M est 1o masse du corps;

9 Vintensité de la force de gravité;

aquel 1'Académic des Seionces do Paris,
a décerné lo prix Bordin élevé de 3000

' Co wémoira est

résumé d'un tray

dans sa séanco soloonelle du 24 décombre 18!

& 5000 franc
TEp— e te v 1400 23

Acta Mathematica, 1889
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Addition Theorems

sin(x + y) = sinx cosy + cosx siny
cogx + y) = cosxcosy sinxsiny

snx cny dny + sny cnx dnx
1 kZ2sn2x sn?y

cnx cny snxsny dnxdny
1 k2sn2x sn2y

sn(x+y)=

cn(x +y) =

131 1y 2

Px+y)= 1) 1+ 4 T 1)



The Quantum Yang-Baxter Equation

R2(ty to; h)RB3(ty; )Rt h) = RZB(to; )(R3(ty; RM(ty to;h)

Ri(t;h):v V. VI V V V

t spectral parameter
h Planck constant



The Euler-Chasles correspondence

[m]

E :ax?y? + b(x?y + xy?) + c(x?+ y?)+ 2dxy+ e(x+ y)+ f = 0

=



The Euler-Chasles correspondence
The Euler equation

dx

dy
P P =0
Pa(X) Pa(y)

Poncelet theorem for triangles




Elliptical Billiard
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Billiard within ellipse

A trajectory of a billirad within an ellipse is a polygonaldiwith
vertices on the ellipse, such that successive edges sétisfiilliard

re ection law; the edges form equal angles with the to the ellipse at
the common vertex.




Focal property of ellipses



focal_ellipse.avi
Media File (video/avi)


Focal property of ellipses




Focal property of ellipses



Caustics of billiard trajectories



Caustics of billiard trajectories



Poncelet theorem (Jean Victor Poncelet, 1813.)
Let Cand D be two given conics in the plane. Suppose there exists
a closed polygonal line inscribed@and circumscribed aboud.
Then, there are in nitely many such polygonal lines and &lthem
have the same number of edges. Moreover, every point of thicco
Cis a vertex of one of these lines.



Mechanical interpretation of the Poncelet theorem
Let us consider closed trajectory of billiard system witailipseE.
Then every billiard trajectory withife, which has the same caustic
as the given closed one, is also closed. Moreover, all these
trajectories are closed with the same number of re ectioh€a






Generalization of the Darboux theorem

Oheorem

Let E be an ellipse ifE? and (&m)mz2z, (bm)m2z be two sequence
of the segments of billiard trajectorids sharing the same caustic
Then all the pointsan, \ by (M2 Z) belong to one conid,
confocal withE.




Moreover, under the additional assumption that the caussi@n
ellipse, we have:

if both trajectories are winding in the same direction abdig
caustic, thenK is also an ellipse; if the trajectories are winding i
opposite directions, theK is a hyperbola.



For a hyperbola as a caustic, it holds:
if segmentsa,, by, intersect the long axis dE in the same
direction, thenK is a hyperbola, otherwise it is an ellipse.



Grids in arbitrary dimension

Oheorem

Let (@m)m2z, (bm)m2z be two sequences of the segments of billiard
trajectories within the ellipsoid in EY, sharing the samel 1
caustics. Suppose the pdiag; bg) is s-skew, and that by the

billiard trajectory connectingg to bg is realized.

Then, each pail(an; bm) is s-skew, and the minimal billiard
trajectory connecting these two lines is determined by thquence




EandinskyGrid 1923.



Pencil of conics

Two conics and tangential pencil

Ci @ aW? + aWs + ayW? + 2a3WoWs + 2a5WiWs + 28;WiWo = 0

C : w2 4dwiwz=0

Coordinate pencil

F(s;z1;22;23) = getM(S; 21;22;23)= 0

0 V4l Vip) Z3

Z a 2s
M(S;zl;Zz;23)=§Z; Zi azis 8533 é

Z3 a 25 & ay

Fi=H+Ks+ Ls?=0




Darboux coordinates

tc,(Co) iz 5+ 220+ 23= 0

202+ 22, +7%%3=0

X1+ X2
5

M=1 %= 23 = X1X2
F(s; X1;%0) = L(xl;x2)32 + K(X1;X2)s + H(X1;%2)
H(xi; x2) = (af  aoap)x{xZ + (@08  asan)XiXe(Xy + Xo)
1

+(8 )X+ x5) + (e aag)+ S(@  aoa)xix
+(agas  8gas)) (X + Xo) + 85 apau

KX X2) = aox2X3 + 2aqxpxo(X + X2)  as(x? + x2)  dapxaXe
+ 23(x + X2) &

L(x1; X2) = (X1 Xp)?



Oheorem

() There exists a polynomid = P(x) such that the
discriminant of the polynomidF in s as a polynomial in
variablesx; and x, separates the variables:

Ds(F)(x1;%2) = P(x1)P(x2): 1)

(i) There exists a polynomid = J(s) such that the discriminant
of the polynomialF in x, as a polynomial in variableg ands
separates the variables:

Dx, (F)(six1) = J(S)P(x0): )

Due to the symmetry betweer, and x, the last statement
remains valid after exchanging the placesxpfand x,.




Lemma
Given a polynomiab = S(x;y;z) of the second degree in each o
its variables in the form:

S(x;y;z) = A(y;z)x? + 2B(y;z)x + C(y;2):
If there are polynomial®; and P, of the fourth degree such that
B(y;2)*> A(y;2)C(y;2) = Pi(y)P2(2); 3)

then there exists a polynomiél such that

DyS(x;z) = f(x)P2(z); DzS(x;y) = f(x)P1(y):



Discriminantly separable polynoiamls de nition

For a polynomiaF (x1;:::;X,) we say that it is discriminantly
separabldf there exist polynomial§ (x;) such that for every
i=1::n

Y
F(xg; oo & inx) = fi(x):
j6i

It is symmetrically discriminantly separalife
fo=1f3=  =fy
while it is strongly discriminatly separabié
fi=fo=1fz3= =fy

It is weakly discriminantly separabiethere exist polynomiallqj (%)



Oheorem

Given a polynomiaF(s; x1; x2) of the second degree in each of t

variabless; x1; xo of the form
F = S?A(x1; %) + 2B (X1 X2)S + C(Xq; %)

Denote byTg2 ac @5 5 matrix such that

(B2 AC)(x1;%2) = X T, oxt B b
1,% 1 X%

B2 AC
ji=1i=1

Then, polynomialF is discriminantly separable if and only if

rank Tgz oc = L

e




Geometric interpretation of the Kowalevski fundamental
equation

QW;X1;X2) i= (X1 %2)°W? 2R(X1;%)W Ri(X1;%2)= 0

R(X1;X2) = X2X3 + 6 1X1Xo + 2°C(xg + Xo) + ¢ k?
RiXxii%) = 61xfx5  (c? KA)(x1 + %)?  4C XaXa(Xq + Xo)
+ 6\1(02 k2) 402‘2

Q) = 2 aa=0 a=0
=3; a= 2 as= 2(c? k%)



Geometric interpretation of the Kowalevski fundamental
equation

Ohé&irem
The Kowalevski fundamental equation represents a pointcpenf

conics given by their tangential equations
Cri: 2w+ 3wl + 2(c? kHwWE  dclwows = O;
Co:w2  dwiwsz = O
The Kowalevski variables; x1; X2 in this geometric settings are th

pencil parameter, and the Darboux coordinates with resgedhe
conic C, respectively.

D




Multi-valued Buchstaber-Novikov groups
n-valued group orx

m: X X! X)%  mxy)=x y=[z;:2)]

(X)" symmetric n-th power ofX

Associativity
Equality of twon?-sets:

for every triplet(x;y;z) 2 X3.

Unity e

Inversenv : X I X
e2inv(x) x,e2x inv(x) for eachx 2 X.

O

p)



Multi-valued Buchstaber-Novikov groups

Action of n-valued group< on the setY

X Y!

(xy)=xy
Two n?-multi-subsets inY :

()"

X1 (X y) e (x1

X2) Y
are equal for every triplet;;x 2 X,y 2 Y.
Additionally , we assume:

e y=l[y
for eachy 2 Y.




Two-valued group oB8P*!

The equation of a pencil
F(sixi;%) = 0

Isomorphic elliptic curves

10 y2= P(x) degP = 4
> 1 t2=J(9) deg) = 3

Canonical equation of the curve

2 1 t2=09s)= 45 @S g

Birational morphism of curves : ,!

Induced by fractional-linear mapping which maps zeros of the
polynomialJ®and 1 to the four zeros of the polynomid.

— T .

N

p)



Double-valued group @P*

There is a group structure on the cubi¢. Together with its
soubgroupZ,, it de nes the standrad double-valued group
structure onCP1:

1+ to
ZIC )

L L
¢ 2s1 &)

wheret; = JYs), i = 1;2.

Oheorem
The general pencil equation after fractional-linear treommations

F(s; " Yxa); " )= 0

de nes the double valued coset group structre; Z»).




i, id

id

1
Qia ia m
X
cC cP

f

CP?

1 C
p1 p1 id
C

p1

p1 id



Double-valued groupP?!

Ohéairem

Associativity conditions for the group structure of the
double-valued coset group 2; Z») and for its action on ; are
equivalent to the great Poncelet theorem for a triangle.
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