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Deformed (noncommutative) space

Noncommutative space Âx̂, generated by x̂µ coordinates

µ = 0, 1, . . . n such that:
[x̂µ, x̂ν ] = Θµν(x̂). (1)

It is an associative free algebra generated by x̂µ and divided by

the ideal generated by relations (1). [More formal: algebra of formal

power series in h of polynomials in x̂ or a completion of it.]

Three forms of Θµν(x̂) of special interest (Poincaré-Birkhoff-Witt

property)

[x̂µ, x̂ν ] = iθµν , θµν = −θνµ = const., (2)

[x̂µ, x̂ν ] = iC
µν
λ x̂λ, C

µν
λ Lie algebra struct. const., (3)

x̂µx̂ν =
1

q
Rµνρσx̂

ρx̂σ, R matrix of quantum group. (4)
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⋆-product approach

Idea: represent Âx̂ on the space of commuting coordinates, but

keep track of the deformation.

Poincaré-Birkhoff-Witt (PBW) theorem: ordering in the Âx̂ has to

be specified; symmetric ordering for example

: x̂µ : = x̂µ,

: x̂µx̂ν : =
1

2
(x̂µx̂ν + x̂ν x̂µ), etc. (5)

PBW theorem: : x̂µ : 7→ xµ,

: x̂µx̂ν : 7→ xµxν , etc.

f̂(x̂) = C0 + C1µ : x̂µ : +C2µν : x̂µx̂ν : + . . .

↓ (6)

f(x) = C0 + C1µx
µ + C2µνx

µxν + . . .
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Also f̂(x̂)ĝ(x̂) = f̂ · ĝ(x̂) 7→ f ⋆ g(x). (7)

In the case of θ-deformed space

MW ⋆-product f ⋆ g (x) =

∞
∑

n=0

( i

2

)n 1

n!
θρ1σ1 . . . θρnσn

(

∂ρ1 . . . ∂ρnf(x)
)(

∂σ1 . . . ∂σng(x)
)

(8)

= f · g +
i

2
θρσ(∂ρf) · (∂σg) + O(θ2).

Associative, noncommutative; c. conjugation: (f ⋆ g)∗ = g∗ ⋆ f∗.

Special example: xµ ⋆ xν = xµxν +
i

2
θµν

xν ⋆ xµ = xµxν +
i

2
θνµ = xµxν − i

2
θµν

[xµ ⋆, xν ] = iθµν . (9)
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Twist formalism

• Motivation 1: Product (8) can be viewed as coming from an

Abelian twist given by

F = e−
i
2
θρσ∂ρ⊗∂σ (10)

as f ⋆ g = µ
{

F−1f ⊗ g
}

= µ
{

e
i
2
θρσ∂ρ⊗∂σf ⊗ g

}

= f · g +
i

2
θρσ(∂ρf) · (∂σg) + O(θ2). (11)

• Motivation 2: Deformation [xµ ⋆, xν ] = iθµν breaks the

classical Lorentz symmetry.

Is there a deformation of Lorentz symmetry such that it is a

symmetry of (9)?
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Basic idea and ingredients

Consider first a deformation (twist) of a classical symmetry

(spacetime: Lorentz, SUSY or gauge). Then deform the

spacetime itself.

Ingredients:

• Lie algebra g; generators ta with [ta, tb] = ifabctc

-Ξ: algebra of vector fields u = uµ∂µ with [u, v] = uv − vu.

• Universal enveloping algebra Ug

-UΞ: tensor algebra (over C) generated by u and the unit

element 1 modulo the left and right ideal generated by all

elements uv − vu− [u, v].

-Ug is a Hopf algebra

∆(ta) = ta ⊗ 1 + 1 ⊗ ta

ε(ta) = 0, S(ta) = −ta. (12)
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Twist

A twist F (introduced by Drinfel’d in 1983-1985) is:

-an element of Ug ⊗ Ug

-invertible

-fulfills the cocycle condition (ensures the associativity of the

⋆-product)
F ⊗ 1(∆ ⊗ id)F = 1 ⊗ F(id⊗ ∆)F . (13)

-additionally: F = 1 ⊗ 1 + O(h); h-deformation parameter.

Notation: F = fα ⊗ fα and F−1 = f̄α ⊗ f̄α.

An example of twist:

F = e−
i
2
θabXa⊗Xb , (14)

where Xa = X
µ
a (x)∂µ , [Xa,Xb] = 0 and θab = const..
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1. F applied to Ug: twisted Hopf algebra UgF

[ta, tb] = ifabctc

∆F (ta) = F∆(ta)F−1

ε(ta) = 0, SF = fαS(fα)S(ta)S (̄fβ )̄fβ . (15)

2. F applied to Ax gives A⋆
x

pointwise multiplication: µ(f ⊗ g) = f · g

⋆-multiplication: µ⋆(f ⊗ g) ≡ µ ◦ F−1(f ⊗ g) (16)

= (̄fαf)(̄fαg) = f ⋆ g.
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Comments I

Deformation by twist

Abelian twist F = e−
i
2
θµν∂µ⊗∂ν , θµν = −θνµ ∈ R leads to

1) θ-deformed Poincaré symmetry,
Chaichian et al. (Phys. Lett. B604, 98 (2004)), Wess (hep-th/0408080), Koch et al.(Nucl.
Phys. B717, 387 (2005))

[∂µ, ∂ν ] = 0, [δ⋆
ω, ∂ρ] = ω µ

ρ ∂µ, [δ⋆
ω, δ

⋆
ω′ ] = δ⋆

[ω,ω′],

∆(δ⋆
ω) = δ⋆

ω ⊗ 1 + 1 ⊗ δ⋆
ω +

i

2
θρσ

“

ωλ
ρ∂λ ⊗ ∂σ + ∂ρ ⊗ ωλ

σ∂λ

”

.

2) θ-deformed gravity,
Aschieri et al. (Class. Quant. Grav. 22, 3511 (2005) and 23, 1883 (2006))

[δ⋆
ξ , δ

⋆
η ] = δ⋆

[ξ,η],

∆(δ⋆
ξ ) = δ⋆

ξ ⊗ 1 + 1 ⊗ δ⋆
ξ − i

2
θρσ

“

δ⋆
(∂ρξ) ⊗ ∂σ + ∂ρ ⊗ δ⋆

(∂σξ)

”

+ . . . .
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3) θ-deformed gauge theory,
Aschieri et al. (Lett. Math. Phys. 78 (2006) 61), Vassilevich (Mod. Phys. Lett. A 21
(2006) 1279), Giller et al. (Phys. Lett. B655, 80 (2007))

[δ⋆
α, δ

⋆
β ] = δ⋆

−i[α,β],

∆(δ⋆
α) = δ⋆

α ⊗ 1 + 1 ⊗ δ⋆
α − i

2
θρσ

“

δ⋆
(∂ρα) ⊗ ∂σ + ∂ρ ⊗ δ⋆

(∂σα)

”

+ . . . .

A more general Abelian twist F = e−
i
2
θabXa⊗Xb leads to

4) nonconstant deformations, deformed gravity and SUGRA,
Aschieri et al. (Lett. Math. Phys. 85, 39 (2008) and 0902.3817[hep-th],

0902.3823[hep-th]).

5) twisted supersymmetry,
P. Kosiński et al. (J. Phys. A 27 (1994) 6827), Y. Kobayashi et al. (Int. J. Mod. Phys. A 20

(2005) 7175), Zupnik (Phys. Lett. B 627 208 (2005)), Ihl et al. (JHEP 0601 (2006) 065), . . .
M. Dimitrijević et al. (JHEP (2007) )

F = e
1

2
Cαβ∂α⊗∂β+ 1

2
C̄

α̇β̇
∂̄α̇

⊗∂̄β̇

, Cαβ = Cβα ∈ C

[δ⋆
ξ , δ

⋆
η ] = −2i(ησmξ̄ − ξσmη̄)∂m,

∆(δ⋆
ξ ) = F

`

δ⋆
ξ ⊗ 1 + 1 ⊗ δ⋆

ξ

´
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D-deformed superspace

Undeformed superspace is generated by xm, θα and θ̄α̇
(anti)commuting coordinates

[xm, xn] = 0, {θα, θβ} = 0, {θ̄α̇, θ̄β̇} = 0, (17)

with m = 0, . . . 3 and α, β, α̇, β̇ = 1, 2.

Superfiled F (x, θ, θ̄) can be expanded in powers of θ and θ̄

F (x, θ, θ̄) = f(x) + θφ(x) + θ̄χ̄(x) + θθm(x) + θ̄θ̄n(x) (18)

+θσmθ̄vm + θθθ̄λ̄(x) + θ̄θ̄θϕ(x) + θθθ̄θ̄d(x).
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Under infinitesimal SUSY transformations

δξF =
(

ξQ+ ξ̄Q̄
)

F, (19)

Qα = ∂α − iσmαα̇θ̄
α̇ ∂m , Q̄α̇ = ∂̄α̇ − iθασm

αβ̇
εβ̇α̇∂m. (20)

Also ξa, ξ̄α̇ = const. and {ξα, ξβ} = {ξα, ξ̄α̇} = {ξ̄α̇, ξ̄β̇} = 0.

Transformations (5) close in the algebra

[δξ, δη] = −2i
(

ησmξ̄ − ξσmη̄
)

∂m. (21)

Leibniz rule is undeformed

δξ
(

F ·G
)

= (δξF ) ·G+ F · (δξG)

=
(

ξQ+ ξ̄Q̄
)(

F ·G
)

. (22)
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Deformation: we use the twist approach and choose the twist

F = e
1
2
CαβDα⊗Dβ , (23)

with Cαβ = Cβα ∈ C and Dα = ∂α − iσ αα̇
m θ̄α̇∂m.

Then F−1 = e−
1
2
CαβDα⊗Dβ defines the ⋆-product

F ⋆ G = µ{F−1 F ⊗G}

= F ·G− 1

2
(−1)|F |Cαβ(DαF ) · (DβG)

−1

8
CαβCγδ(DαDγF ) · (DβDδG), (24)

where |F | = 1 if F is odd (fermionic) and |F | = 0 if F is even

(bosonic). The ⋆-product is associative, non(anti)commutative

and non-hermitian, (F ⋆ G)∗ 6= G∗ ⋆ F ∗.
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Especially,

{θα ⋆, θβ} = Cαβ , {θ̄α̇ ⋆, θ̄β̇} = {θα ⋆, θ̄α̇} = 0,

[xm ⋆, xn] = −Cαβ(σmnε)αβ θ̄θ̄, . . . . (25)

Non-anticommutative superspace: non-anticommutativity is

encoded in terms of the ⋆-product (24).

Since {Qα,Dβ} = {Q̄α̇,Dβ} = 0 the Hopf algebra of SUSY

transformations does not change, it remains undeformed:

δ⋆ξF =
(

ξQ+ ξ̄Q̄
)

F,

δ⋆ξ (F ⋆ G) =
(

ξQ+ ξ̄Q̄
)

(F ⋆ G)

= (δ⋆ξF ) ⋆ G+ F ⋆ (δ⋆ξG). (26)
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Deformed Wess-Zumino model

Chiral field Φ fulfills D̄α̇Φ = 0, with D̄α̇ = −∂̄α̇ − iθασmαα̇∂m

Φ(x) = A(x) +
√

2θαψα(x) + θθF(x) + iθσlθ̄(∂lA(x))

− i√
2
θθ(∂mψ

α(x))σm

αα̇θ̄
α̇ +

1

4
θθθ̄θ̄(�A(x)). (27)

The ⋆-product of two, three,. . . chiral superfields is not chiral and
we use the projectors

P1 =
1

16

D2D̄2

�
, P2 =

1

16

D̄2D2

�
, PT = −1

8

DD̄2D

�
, (28)

f(x)
1

�
g(x) = f(x)

Z

d4y G(x− y)g(y)

to separate chiral and antichiral parts of ⋆-products of Φ. For
example

P2(Φ ⋆ Φ) = ΦΦ = A2 + 2
√

2Aθαψα + θθ
“

2AH − ψψ
”

+ iθσmθ̄
“

∂m(A2)
”

+i
√

2θθθ̄α̇σ̄
mα̇α

`

∂m(ψαA)
´

+
1

4
θθθ̄θ̄�A2. (29)
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Undeformed Wess-Zumino Lagrangian

L = Φ+ · Φ
∣

∣

∣

θθθ̄θ̄

+
(m

2
Φ · Φ

∣

∣

∣

θθ

+
λ

3
Φ · Φ · Φ

∣

∣

∣

θθ

+ c.c.
)

, (30)

with m and λ real constants.
Deformation 1:

Φ+ · Φ → Φ+ ⋆ Φ,

Φ · Φ → P2

(

Φ ⋆ Φ
)

,

Φ · Φ · Φ →



















P2

(

Φ ⋆ P2

(

Φ ⋆ Φ
)

)

,

P2

(

P2

(

Φ ⋆ Φ
)

⋆ Φ
)

,

P2

(

Φ ⋆ Φ ⋆ Φ
)

.

Deformation 2: Use all possible SUSY covariant terms in two and

three fields.
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The second approach gives

L = Φ+ ⋆ Φ
˛

˛

˛

θθθ̄θ̄
+

nm

2

“

P2(Φ ⋆ Φ)
˛

˛

˛

θθ
+ 2a1P1(Φ ⋆ Φ)

˛

˛

˛

θ̄θ̄

”

+
λ

3

“

P2(P2(Φ ⋆ Φ) ⋆ Φ)
˛

˛

˛

θθ
+ 3a2P1(P2(Φ ⋆ Φ) ⋆ Φ)

˛

˛

˛

θ̄θ̄

+2a3(P1 + P2)(P1(Φ ⋆ Φ) ⋆ Φ)
˛

˛

˛

θθθ̄θ̄

”

+ c.c.
o

. (31)

The D-deformed Wess-Zumino action in component fields

S =

Z

d4x
n

A∗
�A+ i∂mψ̄σ̄

mψ +H∗H +m(AH − 1

2
ψψ) +m(A∗H∗ − 1

2
ψ̄ψ̄)

+λ(A2H −Aψψ) + λ
`

(A∗)2H∗ −A∗ψ̄ψ̄
´

+C2
“

ma1(
1

2
ψ�ψ −H�A) + λa2(−AH�A− 1

2
H(�A2)

+
1

2
ψψ(�A) + Aψ�ψ) + λa3(−3

2
H2

�A+
3

2
H(∂mψ)σmσ̄l(∂lψ)

”

+C̄2
“

c.c.
”o

. (32)
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From the action (32) one can:

-calculate the EOM for the fields H and H∗, solve them and

insert the solutions back into the action.

-look at the renormalizability properties (motivation: twisted

symmetry vs. renormalization).

Renormalizability properties: use the background field method to

calculate the divergences in the two-point functions.

• Revrite the action (32) in terms of the real fields.

• Split the fields into their classical and quantum parts.

• Calculate the action quadratic in quantum fields

S(2) =
1

2

“

Ψ̄ S P E G
”

M

0

B

B

B

B

B

B

B

@

Ψ

S
P
E
G

1

C

C

C

C

C

C

C

A

. (33)
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• The one loop effective action is

Γ =
i

2
STr ln

[

1 + (� −m2)−1MC
]

, (34)

with
MC = N + T + V. (35)

• Calculate (34) up to second order in g, second order in fields
and up to second order in Cαβ

Γ =
i

2
STr ln

h

1 + (�−m2)−1(N + T + V )
i

=
i

2

h

STr((�−m2)−1(N + T + V ))

−1

2
STr((�−m2)−1N(�−m2)−1N)

−STr((�−m2)−1N(�−m2)−1(T + V ))

+STr(((�−m2)−1N)2(�−m2)−1T )
i

. (36)

• Calculate Supertraces. . .
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Results

• The divergent part of the one loop effective action is

Γ1 =
g2

π2ǫ

Z

d4x
h 1

4
(S�S + P�P + ψ̄i/∂ψ + E2 +G2)

+
3

4
a3C

2m2(2P�G+ ψ̄�ψ − 2S�E)

−C2a1m
2(S�S + P�P − ψ̄i/∂ψ + E2 +G2)

i

. (37)

• To cancel the divergences we have to add counterterms to
the classical Lagrangian

LB = L0 + L2 − Γ1. (38)
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• All the fields are renormalized in the same way:

S0 =
√
ZS, P0 =

√
ZP, ψ0 =

√
Zψ, E0 =

√
ZE, G0 =

√
ZG,

Z = 1 − g2

2π2ǫ
(1 − 4a1m

2C2). (39)

• The tadpole contributions add up to zero; δm = 0; the
deformation parameter has to be renormalized

C2
0 =

(

a1 −
3a3g

2

2π2ǫ

)

C2 . (40)

• No deformation of the nonrenormalization theorem.
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Comments II

• A deformation of the superspace is constructed:

-the ⋆-product is not hermitian

-the SUSY Hopf algebra is undeformed, especially the

Leibniz rule does not change.

• Deformed Wess-Zumino model is discussed:

-all possible covariant terms are included in the action

-divergences of two-point Green functions: no mass

renormalization, all fields are renormalized in the same way

-no additional terms needed in the original action in order to

absorb the divergences.

• future work/work in progress:

-renormalizability of the model continued: three point

functions

-vector superfield, that is gauge theories.
M. Dimitrijević, University of Belgrade – p.23


	hspace *{2cm}{small Spring School on Strings, Cosmology and Particles\ hspace *{3cm}March 31${}^{st}$-April 4${}^{th}$ 2009, Niv s, Serbia }
	
ormalsize Outline
	
ormalsize Deformed (noncommutative)
space
	
ormalsize $star $-product approach
	
	
ormalsize Twist formalism
	small Basic idea and ingredients
	small Twist
	
	small Comments I\ Deformation by twist
	
	
ormalsize $D$-deformed superspace
	
	
	
	
ormalsize Deformed Wess-Zumino model
	
	
	
	
	
ormalsize Results
	
	
ormalsize Comments II

